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Abstract: This article discusses the critical load determining issues, taking into account 

hardening.  The results of evaluating volumetric deformations and changes in density at 

various subgrade points are presented. It also provides formulas for determining the critical 

load taking into account the hardening parameter for non-water-saturated clay soils and heavy 

clays. 
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Introduction. Let a strip uniformly 

distributed load (q) act on the subgrade 

surface on the width (2b) (Fig. 1). It is 

necessary to determine the critical load 

magnitude, which causes plastic 

deformation to a given depth (zmax) below 

the loaded area edges. 

 
Figure:1.  An uniformly distributed 

load action scheme in a plane problem. 

Methods and materials. Let us analyze 

the formation and development process a 

stress-strain state in the compaction phase 

before the significant shears start. It is 

known [1,5,6] that the compaction phase is 

characterized by a significant development 

of volumetric deformations of the soil 

skeleton and its hardening. 

 In this regard, the volumetric 

deformations assessment in the subgrade at 

various points is of great importance. Such 

an assessment can be made on the formula 

basis (1) taking into account (2): 
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i.e. we have: 
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The magnitude of the volumetric 

deformations of the soil can also determine 

the increment in the skeleton density by the 

formula  

 о εv(4) 

εv= 3 ·  ε(5) 

Thus, dependence has been 

obtained that determines the regularity of 

changes in soil density at various points of 

the loaded foundation in the compaction 

phase [8]. The calculation results 

performed on the basis of formulas (3), (4), 

and (5) are shown in Fig. 2 with the 

following soil parameters: 

;/4,1 3сmgо  Ко =5 MPa; 3,0о  

 

Fig. 2. Density contours at the structures 

base/on the left/and the change in density 

along the depth z at x = o/on the right/. 

Figure 2 shows that an 

inhomogeneous state of compaction occurs 

at the base with a central core under the 

loaded area at a certain depth from the 

surface. Obviously, this circumstance 

should be reflected in the value of the 

critical load, which is not taken into 

account in traditional methods of 

calculating this value [3,6,7]. Let us 

consider the stress state of an unsaturated 

subsoil at the final stage of the compaction 

phase and at the beginning of the shear 

phase, when a zone of plastic flow arises 

under the edges of the loaded soil section, 

and when the compaction process is almost 

complete. 

If we solve these problems by the 

traditional method [3,4,7], i.e. disregarding 

soil compaction in the compaction phase, 

we obtain the following expression for 

determining the critical load, 

corresponding to a given plastic flow depth 

   hctgchz

сtg
q 





 max

*

2
(6) 

where h – is a load application depth; 

γ – is the specific gravity of the soil 

is higher than the depth of the load 

application; 

φ, с – is s strength parameters of 

soil for a given density - moisture. 

Obviously, this formula does not 

take into account the compaction phase 

effect on the strength properties, i.e. the 

soil strengthening due to its compaction. 

This circumstance is not taken into account 

in the existing methods for calculating the 

critical load. Meanwhile, it is obvious that 

it should influence the plastic flow zones 

development nature in an 

inhomogeneously compacted base and, 

therefore, should affect the value of the 

critical load. 
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If we assume that at constant 

humidity the strength parameters depend 

on density, and the adhesion is significant, 

the angle of internal friction is 

insignificant, then the problem of 

determining the critical load can be solved 

as follows: 

Let us assume, on the basis of 

experiments, that   const  

      cсс оо (7) where

c – is a hardening parameter; 

со– is an initial cohesion corresponding to 

the initial soil density. 

Then taking into account (3), (4) and (5) 

we get: 
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Hence, taking into account (7), we have  
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The limiting equilibrium equations 

for the plane deformation conditions 

according to Mohr–Coulomb strength 

theory can be written in the form: 

   sin)(22121 ctgc
(11) 

where  с – is determined by formula 

(9). 

In this case, the critical load should 

be determined on the basis of a joint 

consideration of equations (11) taking into 

account (8) and (9), and also assuming that 

a hydrostatic distribution of stresses arises 

from the action of the surcharge and its 

own weight, i.e. we have   

 hz   21 (12) 

 Then we get  

  hctg
cсtgКhq
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Obviously, at оК  this 

expression coincides with the known [3,7] 

expressions for determining the plastic 

flow zone ordinates of soil without 

hardening.. 

Expression (13) is the of the 

boundary equation of the limiting 

equilibrium region in the function  z  

form, since it satisfies the limiting 

equilibrium equation (11). 

To determine the maximum 

ordinate of this region, we take the 

derivative with respect to   expression 

(13) and equate to zero.  

  oсtgКhq
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Hence we have that 

  сtgК 1sincos *
(15) 

   сtgК 1sinarccos*

(16) 
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Substituting the obtained 
* value 

into the original equation (13), we can 

determine the maximum ordinate value of 

the plastic flow region 

hctg
chq
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Hence, it is easy to determine the 

value of the load that causes plastic flow 

under the edges of the loaded area to a 

given maxz depth, i.e. we have  

   hctgchzq 
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In the particular case, when there is no 

strengthening, i.e. when оК  we come 

to the well-known expression (6), т.е.  
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Results. Thus, a solution to the 

problem of determining the critical load on 

the subsoil corresponding to a given depth 

of the zone of plastic flow maxz has been 

obtained. 

For heavy clay soils, for which 

о  expression (18) can be simplified 

assuming that the equation of limiting 

equilibrium has the form  

  c221  (19) 

Substituting here the values ,1

2  and  c  out of  9 , taking into 

account (10), we get:   

осКhq
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(20) 

 When this expression reaches its 

maximum, then the state of limiting 

equilibrium begins to emerge under the 

edges of the loaded area, i.e. (20) 

determines the equation of the boundary of 

the region where the condition of limiting 

equilibrium is satisfied. Expression (20) 

will have a maximum at 
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Hence we have that  

 Ксоs *
(22)        

 Кarccos*   

The critical load corresponding to a given 

angle 
* can be determined based on (20) 

as follows: 
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Thus, we have obtained a simple 

expression for determining the initial 

critical load 
*

q  on a non-water-saturated 

clay soil base, which is strengthened in the 

compaction phase [8].  

It is obvious that in the absence of 

hardening, i.e. when oК  value of the 

critical load decreases, and coincides with 

the known [3,7], values of the critical load 

for determining the initial critical load 

without taking into account the hardening, 

i.e. get 
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hсq о  *
(24) 

Conclusion. Taking into account the 

strengthening of clay soil in the 

compaction phase when determining the 

initial practical load is necessary, because 

this can lead to a significant increase in the 

bearing capacity of the foundation soils, to 

a decrease in the size of the foundations 

and therefore to economic efficiency. 
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